Abstract. The problem of global optimization of M incoherent phase signals in N complex dimensions is formulated. Then, by using the geometric approach of Landau and Slepian, conditions for optimality are established for N 2, and the optimal signal sets are determined for M 2, 3, 4, 6 and 12.
the half-space determined by sj and Sk and containing sj, i.e., Wjk {r CN:l(r, sj)l __> I(r, sk)l}, then {j f3 k Wk :j 1, 2, ..., M}, the maximum likelihood decision regions, partition $1. For additive complex Gaussian noise n and a received signal r sj e i + n, where 0 is uniformly distributed over [0, 2hi, the probability of correct decoding for the signal-to-noise ratio A2 is 1. Introduction. The problem of optimal (minimizing the probability oferror) signal selection for transmission of messages over coherent phase and incoherent phase channels has been a subject of many investigations. Under the assumption of additive white Gaussian noise, equal energy, and equiprobable signal sets, Balakrishnan [1] showed in 1961 that with no bandwidth constraint the regular simplex is globally optimal for small and large signal-to-noise ratios for the coherent phase channel. In 1966, Landau and Slepian 6] established a condition for globally optimal signals for the coherent phase channel, independent of the signal-to-noise ratio, and claimed this condition was satisfied by the simplex code. In 1968, Farber [4] showed that in fact for more than three dimensions the simplex did not meet this condition.
Also in 1966, using the approach of Balakrishnan [1] , Scholtz and Weber [10] proved that the orthogonal signal set is locally optimal for the incoherent phase channel under no bandwidth constraint. For M incoherent phase signals in M-1 dimensions, i.e., a bandwidth constraint, the signals with ]{Sj, Sk)] 1/(M 1) were established as locally optimal by Weber [13] in 1968. Stone and Weber [11] proved in 1969 that the orthogonal signal set is globally optimum for high signal-to-noise ratios under no bandwidth constraint. They also showed [12] in 1970 that this set is locally optimum with a bandwidth constraint.
Using the geometric approach of Landau and Slepian, we formulate a condition for global optimality of M equiprobable incoherent phase signals in N complex dimensions. In this approach, the square of the length of the signal vectors is proportional to energy, and the dimensionality of the space is analogous to bandwidth [5] . For a set of probability densities including the Gaussian, we prove the validity of this condition for N 2 along with some related necessary conditions. We then perform a transformation that maps the unit sphere in C 2 onto the unit sphere in three-dimensional Euclidean space. With this transformation, we are able to use Euler's formula to show that there are global solutions obtainable by this method for M 2, 3, 4, 6 and 12; and these have respectively 1, 2, 3, 4 and 5 half-spaces intersecting to form the decision regions. We then obtain the globally optimal signal sets for these values of M.
In We first let f 1 for each j, then let f(s)= Pr(l(s, sj)l), and use properties (a) and (b) along with the monotonicity of P (see [6] for details).
The conclusion is that for any cap size a(C) with 1 1 (12) Ma(S,) Finally, if Uo(x)= U,(V(x)) is the value of U that will be attained if an optimal signal set occurs for a given value of x, we have U'o(X) c U,(V(x))/cx <= O.
Thus, for fixed M, Uo is a decreasing function of x, and hence the maximum possible value of Uo is obtained when K is as large as possible. 8. Calculation of the probability of error. All the arguments above are independent of the signal-to-noise ratio, since they are based on only the monotone properties of the density. The probability of a correct decision for a globally optimal configuration with signal-to-noise ratio A The results are presented in Fig. 2 .
